ABSTRACT In this paper, the method of lines is extended to analyze graphene-based multilayered 3-D structures. The graphene plates with tensor conductivity may cover partially or totally the interfaces between two consecutive layers. The impedance and admittance transformation formulas are then derived at the interfaces. Hence, the impedance and admittance at all the planes of the multilayered structure are obtained. Consequently, the scattering parameters are derived too. To verify the presented technique, as an example of a multilayered structure, graphene plates are placed within a rectangular waveguide. Then, for different numbers of plates and also for different states of the graphene plates which may cover the cross section of the waveguide totally or partially along the x-or y-directions, the scattering parameters of the structure are calculated. The obtained results are compared with those of the CST simulation software, which are in good agreement.
I. INTRODUCTION
Graphene is a two-dimensional structure of carbon atoms in a hexagonal lattice [1] . It is a promising material for the electromagnetic and electronic applications attracting a great deal of interest around the world in the last decade. The graphene sheets have remarkable electrical properties such as the controllability of the conductivity using an applied voltage, making it a desirable material in electronic tools or electromagnetic structures with the capability for controlling the properties [2] - [4] . The new electronic and electromagnetic tools with dimensions of nanoscale, such as antennas, flexible electronic tools, touch screens and high speed transistors are a couple of new applications for graphene plates [2] , [5] , [6] . Although the theoretical investigations on the graphene properties, go back to 1948, however the first graphene sheets with dimensions of a few micrometers were produced in 2004. Today, graphene plates with dimensions greater than 30 cm are being produced which makes it applicable in the new field of microwave and millimeter-wave engineering [7] - [10] . The unique properties of graphene arises from its linear and gapless electronic band which results from its special atomic structure [11] . For example, one of the important properties of graphene is its linear momentum-energy relationship similar to the dispersion relationship of the photons in the free space which causes the electrons in the graphene act as massless particles. Therefore, graphene may show very high mobility of around 500000 cm 2 vs which is very propitious for the high speed electronic tools [12] .
Researchers have been long, theoretically working on the properties of graphene sheets. However, Kubo [12] formulated the most accurate model of graphene conductivity which includes all parameters affecting the conductivity:
For the analysis of the multilayered three-dimensional structures consisting of graphene plates, various methods have been used, each with its advantages and disadvantages [11] , [13] , [14] . Fully analytical methods are rapid but have limited applications in the case of complex structures [3] , [5] , [15] , [16] . On the other hand, fully numerical methods are applicable for the complex structures, however, due to their fully numerical nature, they are time consuming [17] . Therefore, for the analysis of multilayered three-dimensional structures containing graphene plates, it would be much better to use a method with the advantages of both analytical and numerical methods simultaneously. Regarding the two-dimensional form of graphene, the structures, including graphene can be generally assumed as multilayered structures. In this paper, the extended method of lines is proposed to analyze the multilayered structures containing graphene plates.
The method of lines is a semi-numerical semi-analytical method requiring lower simulation time compared to the fully numerical methods [18] - [20] . This method is well suited for the analysis of the multilayered structures or structures which can be divided into several layers with a reasonable approximation [21] - [23] . The method of lines can be used in the analysis of two-dimensional and three-dimensional structures that require one-dimensional [24] and two-dimensional discretizations, respectively [25] , [26] .
In this paper, multilayered three-dimensional structures with an arbitrary number of layers and with graphene plates between the layers are analyzed using the method of lines. To this end, the admittance transformation formula at a graphene plate is obtained which can be used for achieving the impedance and admittance transformation through the entire multilayered structure. Having the impedance and admittance formulas at different planes of the structure and also the boundary conditions at the interface between the layers, the scattering parameters of the structure are obtained.
As an example of multilayered three-dimensional structures, graphene plates are placed within the rectangular waveguide and the results of the analysis are presented for different numbers of plates. The analysis of graphene plates within the rectangular waveguide for different states of graphene, which may cover the cross section of the waveguide totally or partially along x or y directions, will be presented. For comparison, the multilayered structures are simulated using the CST commercial software and the results are compared with those of the extended method of lines. The results show good agreement with each other. Graphene plates inside the rectangular waveguide are discussed here as an example of the multilayered three-dimensional structures. Considering the wide-range application of the presented method, it can be used to analyze different types of multilayered threedimensional structures such as multilayered antennas and absorbers. In section II, the extended method of lines is proposed to analyze the multilayered three-dimensional structures. In section III, the graphene plates inside a rectangular waveguide are analyzed and the results are discussed and compared with those of the CST simulation software. Finally, in section IV the conclusions are presented.
II. THE EXTENDED METHOD OF LINES
In this section, first, the generalized transmission line (GTL) equations are detailed in the analysis of the structures which require two-dimensional discretization. Then, the impedance and admittance transformation formulas at a layer are obtained from solving the aforesaid equations, aiming to analyze the multilayered structures. In order to analyze the multilayered structures using the method of lines, impedance and admittance transformations through each layer and also at the interfaces between layers are needed. If graphene plates are located at the interfaces between layers, they create new boundary conditions used to develop the impedance and admittance transformation formulas at the interfaces. As a result, the relations for the impedances and admittances at all the planes of the multilayered structure are determined. Finally, having these relations, the fields in the whole structure are calculated, from which, the values of reflection and transmission coefficients of the graphene-based multilayered structure are obtained.
A. THE GENERALIZED TRANSMISSION LINE EQUATIONS IN THE METHOD OF LINES
All field components can be determined from the two tangential electric or magnetic field components. Using Maxwell curl equations we have [18] :
∂ ∂z
Substitution of (2) in (3) yields:
where
The discretization is implemented in such a way that the discretized values along y direction are located on each other from the top to the bottom. The left column is placed in the highest part of the vector and the right column is placed in the lowest part of the vector.
Using supervectors of the discretized field components:
the discretized form of (2) and (3) can be written as [18] :
Combining (6) and (7), the wave equation is obtained as:
D x and D y are difference operator matrices in x and y directions. The symbol ⊗ denotes the Kronecker product [26] . By transforming H and E in the following manner,
the wave equation in the transformed domain can be written as:
where λ x • ,• and λ y • ,• are obtained by the boundary conditions along x and y directions [27] . Solving the wave equation in (12) , the relationship between the fields at the planes A and B with the distance d AB is obtained as [18] :
Using transformation matrices T E and T H , GTL equations in the transformed domain take the form:
From the GTL equations in the transformed domain and also equation (14) the relationship between the fields at the planes A and B is written as:
Using the above equations, the admittance transformation is performed as follows. The k'th layer or the section pertaining to the planes A and B is considered. As shown above, the relationship between the transverse fields at these two planes is written as [18] :
The elements of the matrix are determined according to the coordination system. These are general and can be used in any coordinated system. The relationship between transverse electric and magnetic fields is given by [28] :
A,B is the defined matrix for the admittance at the planes A and B. Substituting (21) in (20) , the admittance transformation formula is [18] :
Using this equation, the admittance transformation through the k'th layer in performed. The impedance is transformed similarly.
B. IMPEDANCE AND ADMITTANCE TRANSFORMATION THROUGH GRAPHENE PLATES
To analyze the entire multilayered structure, the impedance and admittance transformation through graphene plates have to be performed. As seen in Fig (2) , it is assumed that the graphene plate is placed between the two layers k and k+1. The interface of these two layers is denoted by B. The two sides of the interface are distinguished by + and −. The lower side of the interface is indicated by + and the higher side is indicated by −. As shown in Fig. ( 2), the graphene is located on the xy plane. In the method of lines, the equations are solved analytically in the z direction. Therefore, the impedance and admittance transformation must be done in the z direction. The interface consisting the graphene plate is denoted by B. Then, the relation between the admittance at the lower part Ȳ + B and the admittance at the higher part Ȳ − B must be determined. The current at the plane containing the graphene (Fig (2) ) is obtained as:
The transverse electric fields at the interface B are continuous:
The boundary condition for the magnetic fields at the interface between the two media is:
Hence, at the interface B:
By substitution of
and n = z in (26), we have:
Separation of this equation for the two components x and y yields:
The electric and magnetic fields vectors are defined as:
Therefore, (30) is rewritten as:
In the method of lines, the impedance and admittance transformation is done at the transformed domain, therefore, (33) is taken to the transformed domain, and the impedance and admittance transformation is done using the relationship between the fields in the transformed domain. It is assumed here that the two-dimensional discretization is implemented. The location of the fields and the structural parameters of the graphene are illustrated in Fig. (1) . Equation (30) is discretized as:
FIGURE 1. 2D discretization scheme for the different field components and graphene parameters in the cross section.
FIGURE 2.
General 3D multilayered structure with a graphene plate at the interface of the two layers k and k+1.
Note that the location of the field components differs. For instance, in (34) the discretization location for the E x component is different from those of E y and H x components, and hence the term η 0 σ xy E xB cannot be added or subtracted directly. Also, in (34) the location of the discretization for the E y component is different from those of E x and H y components and, as a result, the term η 0 σ yx E yB cannot be added to or subtracted from them directly. To solve this problem, we need to use the interpolation matrices and calculate the terms η 0 σ xy E xB and η 0 σ yx E yB at the appropriate positions. Hence, (34) and (35) can be rewritten as follows:
The interpolation matrix M 1 must interpolate the values of the E x field component at the points • and calculates its values at the points •. In order to do that, first we need to do an interpolation along the x axis to find the values of E x component on the points , and next we need to do an interpolation along the y axis to find the values of E x component on the points •. Consequently, the interpolation matrix M 1 is written as:
The indices x or y denote the interpolation directions. Considering a linear interpolation, the interpolation matrices can be derived from the differential matrices. Accordingly, each interpolation matrix can be considered as the absolute value of the differential matrix except for a 0.5 coefficient. Hence, the interpolation matrices in (38) are written as:
The interpolation matrix M 2 must interpolate the values of the E y field component at the points •and calculate its values at the points • . In order to do that, first we need to do an interpolation along the x axis to find the value of E y component on the points ♦, and next we need to do an interpolation along the y axis to find the values of E y component on the points • . Consequently, the interpolation matrix M 2 is written as:
Since the impedance and admittance transformations are performed in the transformed domain, the field components must be multiplied to their corresponding transformation matrices according to their discretization positions, and then be taken to the transformed domain. Here, it is assumed that both layers have the same characteristics, and the boundary conditions are the same for both of them. Therefore, the transformation matrices are the same for both layers. Equations (36) and (37) are written in the matrix form as:
From (31), (44) can be written as:
In (45) the supervectors H B + and H B − and the supervector E B are taken to the transformed domain using the transformation matrices T H and T E , respectively. Hence, (45) in the transformed domain takes the form:
Multiplication of both sides by T
−1
H yields:
By the appropriate transformation of the admittances at the other layers of the structure, the admittance value at the higher part of the graphene plate can be obtained as:
Substituting (49) in (48) and rearranging the formulations result in:
From (51) the admittance value at the lower side of the graphene plate is written as:
The admittance transformation at the interface containing the graphene is performed using (52). It should be noticed that if the graphene plate does not entirely cover the interface, (52) can also be used for the admittance transformation. In this case, the conductivity values at the lines out of the graphene sheet are considered zero.
C. CALCULATION OF THE SCATTERING PARAMETERS 1) CALCULATING THE REFLECTION COEFFICIENT
Beginning from the output of the multilayered structure, and using the proposed formulas for impedance and admittance transformations, the impedance and admittance at the input of the structure can be obtained. Typically, the output impedance is considered equal to the output waveguide wave impedance Z out 0 =Z out h Z out e = I . At the input of the structure, there is a feeding waveguide with the wave impedanceZ in 0 or the wave admittanceȲ in 0 . Using the proposed admittance transformation equations, the input admittanceȲ A is calculated. Separating the electric field at the input waveguide into the forward-and backward propagation parts, we have:
Usually, the forward propagation partĒ Af is applied to the port of the input waveguide. From (53) the reflected part can be obtained as:
Therefore, the scattering parameter S 11 takes the form:
If the modes are arranged appropriately, the first element of the matrix S 11 provides us with the reflection coefficient of the fundamental mode. Knowing the applied fields and also the reflected field from the input waveguide, the fields at the whole structure can be determined. From the field terms, the other scattering parameters can be calculated.
2) TRANSMISSION COEFFICIENT DERIVATION
In order to calculate the transmission coefficient, the field coupled to the output port should be divided into the injected field at the input port. To do this, the fields should be calculated at the whole structure and they must be transformed in a numerically stable manner. The general solution of the wave equation in the Cartesian coordinates can be written as follows:
The indices f and b denote the forward and backward propagations, respectively. The electric and magnetic fields are written as:
The forward and backward parts are connected by the characteristic impedanceZ
Then, the forward and backward parts can be obtained using the total fields:
(60) VOLUME 6, 2018 Using the definition of the impedance at any arbitrary plane, the above equations are written as:
Assume that the field at the plane A is known. To avoid numerical instability, the following steps should be taken in order to calculate the fields at the plane B:
1) Using (61) and (62), the vectorsĒ
fA are computed from the vectorsĒ
fA , the vectorsĒ 
3) The total field at the plane B is computed as:
4) The backward component at the k'th layer is computed as:
Then, supposing that the graphene plate is placed between the layers, the transmission coefficient is obtained. First, we assume that a graphene plate is located between the two layers of the structure, as shown in Fig. (3) . Fig. (3) , are determined by the aforementioned admittance and impedance transformation formulas. Also, the valuesȲ B andZ B are calculated from the impedance and admittance formulas between the planes A and B. Assuming that these values are known, the transformation coefficient S 21 is derived. Consider that the applied field at the port B is equal toĒ fB , then the forward propagating field (z direction) at the plane A + becomesĒ fA + = e − d ABĒ fB , and using (64), the total field at this plane is written as follows:Ē
The electric field at the interface of the plane A is continuous and henceĒ A + =Ē A − . Due to the normalization, the impedance and admittance values at the plane A − are equal to the characteristic impedance of the waveguideZ (59), the values of the forwardĒ fA − and backwardĒ bA − fields at the plane A − are obtained as:
Therefore, we have:
By substitution ofĒ fA + = e − d ABĒ fB into (69):
Then, the transmission coefficient matrix is calculated as:
The first element of the matrix S 21 denotes the transmission coefficient of the fundamental mode, if the modes have been ordered properly. As shown in Fig. (4) , if there are two layers of graphene inside the rectangular waveguide, its corresponding transmission coefficient is derived similarly. Assume that the applied field to the port C isĒ fC , then the forward electric field at the plane B + is calculated as follows:
Considering the continuity of the tangential electric field at the plane B, we have:
Therefore, the forward and backward fields at the plane B − are obtained as:Ē
The forward field at the plane A + is written as:
Consequently, using (64), the total electric field at the plane A + can be written as:
Considering the continuity of the electric field components at the plane A we have:
Since the electric field at the plane A − is completely propagating forward, we can write:
By substitution of (76) and (74) in (79):
As a result, from (80), the transmission coefficient is obtained as:
The transmission coefficient for the four-layered (Fig. 5 ) and five-layered structures, are derived similarly which are given in the appendix.
Hence, in general, for an (N + 1)-layered structure shown in Fig. (6) , the transmission coefficients can be written as follows:
Furthermore, by the calculation of the input admittance of this structure and using (55), the reflection coefficient of the multilayered structure can also be calculated.
III. RESULTS
In order to verify the equations derived in the previous section for the analysis of the graphene-based multilayered threedimensional structures, the graphene plates are placed inside a rectangular waveguide. Then, the structure is treated as a multilayered structure, and is analyzed using the developed equations. In the following, all the graphene sheets are assumed to have the same parameters ( = 0.11meV , µ c = 0.1eV and B 0 = 0). First, we consider a structure in which the graphene sheets cover the whole cross section of the waveguide. Then, the structures in which the graphene sheets cover the cross section of the waveguide partially along x or y directions, are analyzed. Finally, the results will be compared with those of the CST simulation software.
A. GRAPHENE PLATES INSIDE THE RECTANGULAR WAVEGUIDE WITH COMPLETE CROSS SECTION COVERING
The graphene plates are placed inside a rectangular waveguide in such a way that they cover the cross section completely. The reflection and transmission coefficients are calculated and the results are compared with those of the CST simulation software. Figs. (7) and (8) illustrate rectangular waveguides with dimensions a = 4 mm and b = 2mm, containing one and two graphene plates, respectively. The waveguides are filled with a dielectric with the permittivity ε r = 10. Figs. (9), (10) and (11) display the amplitude of reflection and transmission coefficient using the extended method of lines and also the CST simulation software for one, two and four graphene plates inside the rectangular waveguide, respectively. Figs. (12) , (13) and (14) display the phase of reflection and transmission coefficient using the extended method of lines and also the CST simulation software for one, two and four graphene plates inside the rectangular waveguide, respectively.
In order to compare the computational speed in the E-MOL method with that of the CST simulation software, we compare the simulation times which are required to obtain the amplitude and phase curves shown in Figs. (9) to (14) . The E-MOL code is implemented in the MATLAB software. The CST simulations and E-MOL calculations are performed in the same conditions using a single core i7 1.6 GHz -6 Gb RAM computer. Table (1) shows the required times in the E-MOL and CST approaches in seconds.
B. GRAPHENE PLATES INSIDE THE RECTANGULAR WAVEGUIDE WITH PARTIAL COVERING OF THE CROSS SECTION ALONG THE Y DIRECTION
In this section, the multilayered structure with partial covering graphene plates inside the rectangular waveguide is discussed. These plates cover partially the cross section of the rectangular waveguide along the y direction, and completely Figs. (17) , (18) and (19) display the amplitude of reflection and transmission coefficient using the extended method of lines and the CST simulation software for one, two and four graphene plates with partial coverings along the y direction inside the rectangular waveguide, respectively.
Figs. (20) , (21) and (22) display the phase of reflection and transmission coefficient using the extended method of lines and the CST simulation software for one, two and four graphene plates with partial coverings along the y direction inside the rectangular waveguide, respectively.
C. GRAPHENE PLATES PARTIALLY COVERING THE CROSS SECTION OF THE RECTANGULAR WAVEGUIDE ALONG THE X DIRECTION
In this section, the multilayered structure with partial covering graphene plates inside the rectangular waveguide is discussed. These plates cover partially the cross section of the rectangular waveguide along the x direction, and completely Figs. (25) , (26) and (27) display the amplitude of reflection and transmission coefficient using the extended method of lines and CST simulation software for one, two and four graphene plates with partial coverings along the x direction inside the rectangular waveguide, respectively.
Figs. (28) , (29) and (30) display the phase of reflection and transmission coefficient using the extended method of lines and CST simulation software for one, two and four graphene plates with partial coverings along the x direction inside the rectangular waveguide, respectively.
IV. CONCLUSIONS
In the present paper, the method of lines is extended for the analysis of three-dimensional multilayered structures with graphene plates between the layers. The impedance and admittance transformation formulas through the interfaces containing graphene plates with tensor conductivities are derived. Using these impedance and admittance transformation formulas, the impedance and admittance terms for each plane of the multilayered three-dimensional structure are determined. Using the impedance and admittance terms of the multilayered structure and the boundary conditions between the layers, the scattering parameters formulas for the multilayered structure are derived. As an example of multilayered three-dimensional structures, the graphene plates are placed inside a rectangular waveguide and analyzed by the proposed method. To verify the presented method, the rectangular waveguide containing graphene plates is simulated by the CST simulation software, and the results are compared with the presented method which are in a good agreement. There are various multilayered structures containing graphene plates, and the presented method can be used to analyze them. Among them, multilayered absorbing and radiation structures can be mentioned, which are highly appropriate to be treated by the proposed method, and will be studied in the future works.
